Abstract. In this paper we prove that in various models of Martin's Axiom there are perfectly normal, non-metrizable non-archimedean spaces of ℵ 2 .
On the other hand, a maximal antichain of T represents a dense open set. Therefore, strong Baireness implies that the upper parts of countably many maximal antichains will have a dense open intersection.
Lemma 0.8 ([ST]). An archvillain contains an open subspace which is strong Baire.
Proof. See the proof of Theorem 4.2 of [ST] , where it is proved that if X is an archvillain, then it contains an open subspace whose base is σ-dense. 
Lemma 0.9. For α < ht(T ) and cf(α) ≥ ω 1 , X(T α) is a subspace of X(T ).

Proof. X(T α) ⊂ X(T ), since cf(α)
≥
Proof.
A dense open set in a tree is the upper part above a maximal antichain. Since an antichain has size less than κ in a κ-Souslin tree, a maximal antichain must lie in an initial subtree T α for some α < κ. Since cf(κ) > ω, given countably many maximal antichains, there will be a δ such that δ < κ and all of the maximal antichains are included in T δ. For any node t ∈ T , there is a t such that t < t and t is above level T δ , i.e. t is in the intersection of the upper part of the maximal antichains.
κ-Souslin trees, where κ is either ℵ 2 or inaccessible, will play an important role in our proofs. We need to review the structure of these trees. The notation and techniques used are all from Devlin's book [D] .
We work in L. We are going to construct an ℵ 2 -Souslin tree and a κ-Souslin tree, where κ is an inaccessible cardinal which is not weakly compact. The L machinery employed here is -sequences and ♦-sequences. The existence of -sequences at the inaccessible level is assured by the assumption of non-weak compactness.
Assume V = L. Let κ be an inaccessible cardinal which is not weakly compact. Then there is a stationary set E ⊂ κ and a κ (E) 
We will now construct an ℵ 2 -Souslin tree. The ♦ ω2 -sequence is used to capture antichains; the ω1 -sequence is used in defining those branches as follows:
At level α, lim(α), for each x ∈ T α we define an α-branch b
We start at the level T γα(να(x)) , where ν α (x) is the least ν such that x ∈ T γ α (ν). Define p x α (ν α (x)) = the least ordinal y ∈ T γα(x) such that x < T y. Then we continue to pick up elements at the successor level by p x α (ν + 1), the least y ∈ T γα(ν+1) , such that p x α (ν) < T y; at the limit level, say lim(η), we pick up p x α , namely the unique
The -sequence prevents the construction of branches from breaking down. We now define T α as follows:
We just add new ordinals from ℵ 2 to provide each branch b x α , x ∈ T α, with an extension in T α . Case (2). α ∈ E ∩ Lim, but S α is not a maximal antichain of T α . In this case, construct T α just as in Case (1).
Case (3). α ∈ E ∩ Lim, and S α is a maximal antichain of T α. Then we only extend b x α such that x lies above an element of S α . Such a construction yields an ℵ 2 -Souslin tree. If we use a κ -sequence and a ♦ κ -sequence, the analogous construction will yield a κ-Souslin tree, if κ is an inaccessible non-weakly compact cardinal [D] . We will call Souslin trees constructed in this manner boxy. Note that at any level below κ, by construction, T α has fewer than κ cofinal branches.
It is interesting to notice that usually forcing will not add a new chain of cofinality ω 1 to these trees. This was proved by Stevo Todorčević Boxy Souslin trees only have branches of countable cofinality, for the underlying set E of the ♦ κ (E)-sequence is a subset of {α ∈ κ : cf(α) = ω} and boxy Souslin trees' branches only terminate at level α, α ∈ E.
We note for use in [QT 2 ] that the tree we have constructed has at most κ many branches of cofinality ω.
Let us fix a boxy κ-Souslin tree S, and its branch space X(S). Now we are ready to prove our consistency results.
2. An MA model with an archvillain of weight ℵ 2
To start the forcing process, we choose L as our ground model. We do the usual ccc forcing to obtain M A + c = ℵ 2 [B] . A modification of the proof in [B] shows that ℘ has the K ℵ2 -property, i.e. any subset of ℘ which has size ℵ 2 has a subset of size ℵ 2 which is pairwise compatible. By the technique of [B] , this implies the forcing will not add new antichains of size ℵ 2 to ℵ 2 -Souslin trees, in particular, boxy ones. Here is the lemma: Lemma 2.1. Assume the following:
implies f is regressive on a stationary subset of κ. By the pressing down lemma, f is constant on a stationary set S, i.e. f S = {η}. Since P αη has size less than κ, {p ξ α η : ξ ∈ S} has property K κ . By thinning out, we can assume that if ξ 1 , ξ 2 ∈ S, then p ξ1 and p ξ2 are compatible, and support (p ξ1 ) ⊆ α ξ2 . Let r ≤ p ξ1 α η , p ξ2 α η , and define q ∈ P α by q α η = r and
Since S remains an ℵ 2 -Souslin tree in the extension, it is therefore σ-dense, and therefore the branch space X(S) is not developable.
It will suffice to prove X(T ) is perfect, i.e. open sets of X (S) are F σ , since non-archimedean spaces are normal.
To see that X(S) is perfect in the extension we need two lemmas as follows:
An ℵ 1 -tree may have uncountable levels.
Lemma 2.2. The usual poset (see e.g., [B] ) which specializes an ℵ 1 -tree which has no cofinal branches actually produces a generic development of the ground model branch space of this tree.
Proof. This is a density argument. The conditions of the poset are finite pieces of a countable family of antichains of the tree, i.e. p ∈ ℘ if and only if |p|
is an antichain. It suffices to prove that the generic antichains are actually coverings of the space, for the union of the generic antichains is the whole tree and therefore a development.
To see that each antichain of the family is a covering, we just need to know that for any point of the space, we can always add one basic open set to the antichain to conclude this point is in the union of the antichain.
For
If p is not in D x,n , then x is not in any t such that p(t) = n. Since p is finite, there will be some t ∈ T such that x ∈ t and for t ∈ dom(p), p(t) = n implies t ∩ t = ∅. Let q(t ) = n and for t ∈ dom(p), q(t) = p(t). Then q extends p.
In the extension, T = {A n : n < ω}, where each A n is an antichain cover of the space. For x ∈ X, st(x, A n ) is the unique t ∈ A n such that x ∈ t. Lemma 2.3. If an ℵ 1 tree T has at most ℵ 1 many cofinal branches, its branch space has a basis T , T ⊂ T , such that T is an ℵ 1 -tree with no ω 1 -branches.
Proof. Enumerate cofinal branches by {b α : α < ω 1 }. Let t 0 be the least element of b 0 , let t α be the least element of b α \ {b β : β < α}, let S = {t : ∃α(t α < t ∈ b α )}, and let T = T \.
T is a basis of X(T ). Otherwise, there would be a point x which would be a branch of countable cofinality whose tail is a subset of S, i.e. there is an α such that x\x α ⊂ S. Let β 0 be the least β such that b β ∩ (x\x α) = ∅. But x\b β0 is not empty, for otherwise x cannot be a branch of countable cofinality. Therefore there is a least element t of x\b β0 ; t is in S, hence there is a b β which contains t. Let β 1 be the minimal such β. Clearly,
We call a tree base trimmed if all its branches of uncountable cofinality are deleted but it remains a base. Therefore Lemma 2.3 provides a way of trimming an ℵ 1 -tree which has at most ℵ 1 many ω 1 -branches.
Applying Lemma 2.3 inductively, we can trim trees of size ℵ 1 with at most ℵ 1 many branches of cofinality ω 1 .
Lemma 2.4. If T is a tree of size ℵ 1 with at most ℵ 1 many branches of uncountable cofinality, then there is a subset T of T , which is an ℵ 1 -tree with no ℵ 1 -branches, and T is a base of X(T ).
Proof. Let {λ α : α < ω 2 } be the increasing continuous sequence of ordinals which either have cofinality ω 1 and are less than ω 2 , or are ω-limits of such ordinals.
We prove the lemma by induction on the height of trees. The case λ 0 = ω 1 , i.e. ht(T ) = ω 1 , is covered by Lemma 2.3. Now we consider the successor case, λ α+1 . T λ α has been trimmed. This is just another tree of height ω 1 . So we trim T \T λ α . The union of these two trimmed parts, T λ α ∪ (T \T λ α ) , is a base of X(T ).
Finally, we consider the limit cases, either cf(α) = ω 0 or cf(α) = ω 1 .
In the first case, we pick λ α1 < λ α2 < · · · < λ αn < · · · < λ α . Each T λ αn can be trimmed. Without loss of generality, we assume each T λ αn has been already trimmed. Therefore, each T λ αn+1 \T λ αn has been trimmed. We keep the bottom level of each T λ αn+1 \T λ αn . This will not change the topology of the corresponding branch spaces, but this step is necessary to ensure that the cofinal branches of T λ α have cofinal chains in the direct sum of trimmed T λ αn+1 \T λ αn 's.
In the second case, we fix an increasing sequence λ α1 < λ α2 < · · · < λ α β < · · · < λ αω 1 , where α ω1 = α. We trim each T λ α β+1 \T λ α β with its bottom level intact. Then take the direct sum. Now we will get an ω 1 -tree which may still have some ω 1 -branches. Apply Lemma 2.3 once more, and it is done. Also, by the proof of Lemma 2.2, since as is well known the specializing poset satisfies the countable chain condition, we get the following result:
Lemma 2.5 (M A). If (X, T ) is first countable, non-archimedean, |X| < 2 ω , T has at most ℵ 1 many branches of uncountable cofinality, then X is metrizable.
We now return to the proof of perfectness. In the extension, M A holds. Therefore all branch spaces of ℵ 1 -trees with at most ℵ 1 many cofinal branches are metrizable, according to Lemma 2.5. By Lemma 1.2, we know that the boxy ℵ 2 -Souslin tree has no new initial branches of cofinality ℵ 1 , hence for all α with cf(α) = ℵ 1 , X(S α) has a development. Any open set U in X(S) is actually a union of an antichain of S. Let a = {a α : α < ω 1 } be the antichain. We are going to expand this antichain of size ℵ 1 to an ℵ 1 subtree of S. Pick one point, a branch of countable cofinality, x α from a α , ∀α < ω 1 . There is some η < ℵ 2 such that {x α : α < ω 1 } ⊂ S η and cf(η) = ω 1 . By the lemmas, we conclude that the branch space of S η is metrizable, and therefore the open set U ∩X (S η) in question is F σ in the subspace X (S η) . U = F n with the F n 's closed in X(S η) and we know by Lemma 0.3 that we can assume
But then, it is easy to see U is also F σ in X (S) . Let F n = {a α : a α ∩ F n = ∅}; then some F n would be not closed, if U were not F σ . There would be a point x ∈ cl( F n0 )\ F n0 . x is not in X (S η) , by Lemma 0.3. Hence this x must lie above S η , hence there would be a t ∈ S η such that x ∈ t. Since x is a limit point of F n0 , t intersects F n0 . Therefore there is a α , a α ∩ F n0 = ∅, and t meets a α . But, then t ⊂ F n0 , a contradiction.
The weight of X(S) is ℵ 2 . If X has a base B of size ℵ 1 , for each b ∈ B, find one t b ∈ S such that t b ⊂ b. T = {t b : b ∈ B} is included in S α for some α < ℵ 2 . Clearly T does not include a base for points which are branches of countable cofinality in S\S α. Now, we can claim the following theorem: There has been some interest in constructing non-metrizable spaces such that small subspaces are metrizable. Here we have a perfectly normal one. To see that every subspace of size ℵ 1 is metrizable, we only need to point out that for a subspace of size ℵ 1 , there must be some α such that the subspace is included in the branch space of T α.
3. An M A model with an archvillain of weight and size ℵ 2 but none of size ℵ 1
Since the boxy ℵ 2 -Souslin tree gains no new ω 1 initial branches, it will yield an archvillain of weight ℵ 2 in any M A model created by a property-K ℵ2 forcing which does not collapse ℵ 1 . In [ST] , Shelah and Todorčević obtained an M A model with no Baire space of size ℵ 1 . Noticing that by Lemma 0.8 an archvillain contains an open subspace which is Baire, we see that this model contains no archvillains of size ℵ 1 . We can prove that in this model there is an archvillain of weight and size ℵ 2 by verifying the forcing they used has property K ℵ2 .
The poset used in [ST] is a countable support iteration of ℵ 2 steps. All ccc posets of size ℵ 1 appear in the iteration, in particular ℘ ω2 forces M A ℵ1 plus 2 ℵ0 = ℵ 2 . The iteration takes care of ℵ 1 -trees as follows:
For any ℘ ω2 -nameṪ of a tree of size ℵ 1 and height ω 1 there exist stationarily many δ < ω 2 with cf(δ) = ω 1 such that ℘ δ+1 = ℘ δ * Ċ ω1 * ℘ T * S T * , whereĊ ω1 is the standard poset for adding ℵ 1 Cohen reals,Ċ ω1 * · ℘ T is a poset for embedding a generic tree T * into T andṠ T * is a ccc poset for specializing T * [ST] . The iteration has the following properties: 1. ∀α < ω 2 , ℘ α satisfies ℵ 2 -p.i.c. (ℵ 2 properness isomorphism condition) [ST] . 2.Ċ ω1 * ℘ T * S T * satisfies ℵ 2 -p.i.c. 3. ℘ ω2 is proper and ℵ 2 -cc ( [ST] , [S] ). 4.Ċ ω1 * ℘ T * S T * satisfies ℵ 2 -p.i.c. [S] . CH is preserved at all intermediate stages since we have the following lemma.
Lemma 3.1 ([S]). If
Now we are ready to prove that ℘ ω2 has property K ℵ2 . First we examine the poset ℘ T .
Let T be a tree of size ℵ 1 and height ω 1 . Let B T be the set of all ω 1 -branches of T . Let ℘ T be the set of all pairs p = π p , f p where: 1) π p is an order and level preserving map from a countable initial part of T onto a countable initial part of (ω 1 ) <ω1 ; 2) f p is a countable partial map from B T into ω 1 such that every member of
of the same height. For p, q ∈ ℘ T , define q ≤ p if and only if π q ⊇ π p , f q ⊇ f p and π p (s) = π q (t) for all s ∈ dom(π p ) and t ∈ dom(π q \π p ).
Since CH holds at all intermediate stages of the iteration, the size of the set {π p : p ∈ ℘ T } is forced to be at most ℵ 1 . By the same reason so are the Cohen forcing poset and the poset which specializes an ℵ 1 -tree. The iteration satisfies the ℵ 2 properness isomorphism condition [ST] and therefore is ℵ 2 -c.c. In fact as we shall show, by a minor variation of the proof of ℵ 2 -c.c. in [S] , ℵ 2 -p.i.c. implies the K ℵ2 property, if CH holds in the ground model.
Definition. ℘ satisfies the κ-p.i.c. (κ properness isomorphism condition) if the following holds:
If λ is big enough, N i : i < κ , is a sequence, where h(p) , and for every maximal antichain
, and the number of isomorphism types of such models is 2 ℵ0 , so for ℵ 2 many i's, N i have the same isomorphism type. So for these models, if i < j there is an isomorphism h : This time, we are going to prove that when we carry out the usual forcing [B] to collapse an inaccessible κ to ω 2 to get CON (M A + ¬wKH), if κ is not weakly compact, then S, a boxy κ-Souslin tree, becomes a ℵ 2 -Souslin tree and its branch space X(S) becomes perfectly normal.
The forcing iteration we use is described in Baumgartner's paper [B] . Recall ¬wKH asserts that every ℵ 1 -tree has at most ℵ 1 cofinal branches. We set L as our ground model and κ as an inaccessible non-weakly compact cardinal in L; at each step of the iteration, we use a product of three posets: the first one is a ccc poset (for the sake of obtaining M A), the second is a countably closed poset (collapsing a cardinal below κ), the third one specialize an ℵ 1 -tree (in order to specialize all ℵ 1 -trees in the extension). The iteration has countable support, i.e. full support at stages of countable cofinality and finite support elsewhere.
Notice that all the posets we used in the iteration have size less than κ, so the iteration has the K κ -property by Lemma 2.1. A property K κ forcing will not add any new κ antichain to S [B] , hence S remains a κ-Souslin tree in the extension in which κ has been collapsed to ℵ 2 . Theorem 3. Con(∃ inaccessible) implies Con(M A+ "all non-archimedean spaces of weight ≤ ℵ 1 are metrizable" + "there is a non-archimedean space of weight ℵ 2 which is perfectly normal but not metrizable").
Proof. Similar to the proof of Theorem 1, start with a κ-Souslin tree where κ is inaccessible but not weakly compact. Note e.g. the least inaccessible is not weakly compact. Then we use proper forcing to get an M A model in which there is no ℵ 1 -tree with more than ℵ 1 uncountable branches. By [T 1 ], all perfectly normal non-archimedean spaces of weight ≤ ℵ 1 are metrizable.
In conclusion, I thank the referee for many helpful comments.
